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ABSTRACT: After adding a pair of non-minimal fields and performing a similarity trans-
formation, the BRST operator in the pure spinor formalism is expressed as a conventional-
looking BRST operator involving the Virasoro constraint and (b, c) ghosts, together with
12 fermionic constraints. This BRST operator can be obtained by gauge-fixing the Green-
Schwarz superstring where the 8 first-class and 8 second-class Green-Schwarz constraints
are combined into 12 first-class constraints. Alternatively, the pure spinor BRST opera-
tor can be obtained from the RNS formalism by twisting the ten spin-half RNS fermions
into five spin-one and five spin-zero fermions, and using the SO(10)/ U(5) pure spinor
variables to parameterize the different ways of twisting. GSO(—) vertex operators in the
pure spinor formalism are constructed using spin fields and picture-changing operators in
a manner analogous to Ramond vertex operators in the RNS formalism.
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1. Introduction

The pure spinor formalism [[ll] is a super-Poincaré covariant description of the superstring
which significantly simplifies multiloop amplitude computations and which allows quanti-
zation in Ramond-Ramond backgrounds. However, because of the non-conventional form
of the BRST operator in the pure spinor formalism, the relation of this formalism to the
Green-Schwarz (GS) and Ramond-Neveu-Schwarz (RNS) formalisms for the superstring
was mysterious. Furthermore, it was not known how to describe the GSO(—) sector of the
superstring using the pure spinor formalism.

In this paper, these mysterious features of the formalism will be explained by adding

a pair of non-minimal fields and performing a similarity transformation such that the



pure spinor BRST operator is expressed as a conventional-looking BRST operator. This
conventional-looking BRST operator involves the Virasoro constraint and twelve fermionic
constraints, where eleven of these fermionic constraints are associated to the eleven in-
dependent components of the original bosonic pure spinor ghost. The twelfth fermionic
constraint and the Virasoro constraint are associated to the new pair of non-minimal fields,
(5, ~) and (b, c), which have opposite statistics and carry conformal weight (2,—1). Al-
though this conventional form of the BRST operator is not manifestly Lorentz invariant,
it will be useful for constructing GSO(—) vertex operators and for relating the pure spinor
formalism to the GS and RNS formalisms.

The new non-minimal fields, (E ,7) and (b, ¢), decouple from vertex operators and scat-
tering amplitudes involving GSO(+) states, however, they play a crucial role in defining
vertex operators and scattering amplitudes involving GSO(—) states. Just as Ramond ver-
tex operators in the RNS formalism [ff] depend non-trivially on the (3,v) ghosts, GSO(—)
vertex operators in the pure spinor formalism will depend non-trivially on the (5 ,7) ghosts.
And just as scattering amplitudes involving Ramond states in the RNS formalism require
picture-changing operators to cancel the picture of the Ramond vertex operators, scatter-
ing amplitudes involving GSO(—) states in the pure spinor formalism will require picture-
changing operators to cancel the picture of the GSO(—) vertex operators.

Note that the new non-minimal fields (3,7,b,c) are unrelated to the non-minimal
fields (Ao, WY, T, s*) which were introduced in the “Dolbeault” description of the pure
spinor formalism [B, ] [[]. In this paper, the Dolbeault description will not be discussed
although it would be interesting to consider including both (5, 3,b,¢) and (A, WY, g, 8Y)
non-minimal fields in the pure spinor formalism. Such a Dolbeault description might be
useful for writing the conventional-looking BRST operator in a manifestly Lorentz-invariant
form.

After expressing the pure spinor BRST operator as a conventional-looking BRST op-
erator with a Virasoro constraint and twelve fermionic constraints, it is relatively straight-
forward to relate the pure spinor formalism with the GS and RNS formalisms for the
superstring. In the GS formalism, the fermionic constraint d, = 0 contains 8 first-class
components and 8 second-class components. After breaking manifest Lorentz invariance
down to SO(8) and then to U(4), the 8 second-class constraints can be converted into 4
first-class constraints. The resulting BRST operator has 12 fermionic constraints and is
related by a field redefinition to the pure spinor BRST operator. Interestingly, this field
redefinition allows the manifest U(4) invariance to be enlarged to U(5).!

To relate the RNS formalism with the pure spinor formalism, one first twists the ten
spin-half RNS fermions ¢™ into five spin-zero fermions 8% and five spin-one fermions p,
for a = 1 to 5.2 This twisting breaks SO(10) Lorentz invariance to U(5), and one can
parameterize the different choices of twisting by introducing SO(10)/ U(5) bosonic pure

!Throughout this paper, we shall Wick-rotate the spacetime metric from SO(9, 1) to SO(10). All results
can be Wick-rotated back to Minkowski space, however, the group structure of the 25 U(5) generators is
more complicated in Minkowski space where it splits into 16 U(4) generators and 9 light-like boosts.

2A similar twisting procedure was used in several earlier papers by Baulieu and collaborators to relate
the RNS string to a topological string [H] I thank Nikita Nekrasov for informing me of these papers.



spinor variables. One then imposes the constraints that physical states are independent
of the 11 pure spinor variables, and the fermionic ghosts for these constraints are the
remaining 11 components of 6% and p,. After adding these 11 constraints to the N=1
super-Virasoro constraints, the RNS BRST operator is mapped into the conventional form
of the pure spinor BRST operator where the spin —1 non-minimal field 7 is related to the
spin —% RNS ghost v as 7 = ()2

It is interesting to note that a similar procedure of twisting fermions has been used
to embed the N = 0 bosonic string into an N = 1 string [[J. Inthe N =0 - N =1
embedding, the (b, ¢) ghosts are twisted from (2, —1) conformal weight to (3, —%) conformal
weight, and the N = 1 stress tensor is defined as G = b + jgrsT Where f dz jBrst is the
BRST charge of the bosonic string. In fact, the inverse map of this embedding which takes
an N = 1 string into an N = 0 string is closely related to the map from the RNS formalism
to the pure spinor formalism. This is not surprising since the pure spinor formalism can
be interpreted as an N = 2 topological string [[, §], which is a natural generalization of
N = 0 bosonic strings.

Note that this N = 1 — N = 0 inverse map from the RNS to the pure spinor
formalism is different from the NV =1 — N = 2 embedding that has been used to map
the RNS formalism into the hybrid formalism for the superstring [d]. For example, the
N =1 — N = 2 embedding maps the RNS string into a critical ¢ = 2 N = 2 string
as opposed to a ¢ = 3 N = 2 topological string. Nevertheless, a certain version of the
N =1 — N =2 embedding will be shown at the end of this paper to closely resemble the
N =1 — N =0 embedding. This version might eventually be useful for relating the pure
spinor and hybrid formalisms for the superstring.

In section 2 of this paper, the pure spinor formalism is briefly reviewed and a pair of
non-minimal fields, (b,c¢) and (5, v), are introduced. After performing a similarity trans-
formation, the pure spinor BRST operator is expressed as a conventional-looking BRST
operator with 12 fermionic constraints.

In section 3, GSO(—) vertex operators are constructed with the help of the non-
minimal fields. These GSO(—) vertex operators carry nonzero picture and, after defining
picture-changing operators, it is shown how to compute scattering amplitudes using these
vertex operators.

In section 4, the conventional-looking form of the pure spinor BRST operator is ob-
tained from gauge-fixing the GS superstring. In performing this gauge-fixing, the 8 first-
class and 8 second-class GS constraints are combined into 12 first-class constraints in a
manifestly U(5)-invariant manner.

In section 5, the RNS BRST operator is mapped to the pure spinor BRST operator
by twisting the ten spin-half RNS fermions using an SO(10)/ U(5) pure spinor variable to
parameterize the different twistings. For states in the Neveu-Schwarz GSO(+) sector, it is
shown how to map the RNS and pure spinor vertex operators into each other.

In section 6, the map from the RNS formalism to the pure spinor formalism is inter-
preted as an inverse map of the N = 0 — N = 1 embedding of the bosonic string. This
inverse map may be useful for constructing generalizations of the pure spinor formalism.



And in section 7, the approach of this paper will be compared with other approaches to
“explaining” the pure spinor formalism. One approach which is discussed in detail uses an
N =1 — N = 2 embedding to map the RNS string into variables which closely resemble
those of the N =1 — N = 0 embedding.

2. Conventional-looking pure spinor BRST operator

In this section, the pure spinor formalism will be briefly reviewed and the BRST operator
Q = [ dz\*d, will be related to a conventional-looking BRST operator involving the usual
(b, ¢) ghosts and Virasoro constraint, together with 12 fermionic constraints.

2.1 Brief review of pure spinor formalism

The pure spinor formalism in a flat background is described by the free worldsheet
action

S = / d*z Bﬁxmﬁxm + Pa00” + D200% 4+ wadA® + Wz0N" (2.1)

where (™, 0%, 6o , P, Pa) are the Green-Schwarz-Siegel matter variables for m = 0 to 9 and
(o, @) = 1 to 16, (A\*, w,) and (A%, @) are left and right-moving bosonic ghost variables

satisfying the pure spinor constraint
AT\ = AT\ = 0, (2.2)

and I'l; and (T)2# are 16 x 16 symmetric matrices satisfying Fgg ()57 = 260n™". The

hatted spinor variables have the opposite/same chirality as the unhatted variables for the

Type ITA /TIB superstring, and throughout this paper, the hatted variables will be ignored.
Physical states are defined as states in the cohomology of the BRST operator

Q= /dz A4, (2.3)
where ) 1
do, = Do — E(FmH)aZ?a:m — g(QI’mE)H)(FmH)a (2.4)

is the Green-Schwarz constraint. Since d,, satisfies the OPE [[[(]
do(y)dp(z) — —(y — 2) 7' Tyl (2.5)

where II,, = 0z, + %HFm('?H is the supersymmetric momentum, () is nilpotent using the
constraint of (2.9).

For massless super-Yang-Mills states, the unintegrated and integrated vertex operators
are

V = A\"Aq(,0), (2.6)
/ i U = / 2[00 Ao (2, 0) + T Ay (1, 0) + du W (2, 0) + Ny F™ (2,0)]  (2.7)



where N™" = 1(wI'"™")) is the Lorentz current for the pure spinor variables, (A4, 4;,) are
gauge superfields and (W<, F") are superfield-strengths for super-Yang-Mills. When the
super-Yang-Mills superfields are onshell, QV = 0 and QU = 90V

Tree-level N-point scattering amplitudes are computed by the correlation function

A= <<V1V§V3 /dZ4U4 .. ./dZNUN>> (28)
using the measure factor
({((AT™0) (AT™0) (ATP) (6T nph))) = 1. (2.9)

Although this measure factor looks unusual, it can be derived from functional integra-
tion over the worldsheet fields after performing a BRST-invariant regularization [J.

The correlation function of (P.§) is easily computed using the free-field OPE’s coming
from the worldsheet action of (B-1)) together with the OPE’s

N N(z) — Sy =) ), (2.10)
N (INPI(z) — (y — =) PN Ny 3y — ) 2yl (2.01)

The manifestly covariant OPE’s of (R.1() can be derived by solving the pure spinor con-
straint A\I'""A = 0 in a U(5)-invariant manner. Under SU(5) x U(1), an SO(10) spinor

decomposes as A* — (A1, Agp, A) where a = 1 t0 5, Agp = —Apa, and (AT, Mgy, A?) carries
U(1) charge (2,3, —3). If AT is assumed to be nonzero, AI""A = 0 implies that
1
2\ = _g(v)*leabcdeAbcAde (2.12)

so that A* has eleven independent components parameterized by AT and \g.
In terms of (A", A\gp) and their conjugate momenta (w,, wab), the pure spinor contri-
bution to the stress tensor and Lorentz currents is [[L]

1 3
Thure = iwabmab +w 0N + 502(log A, (2.13)
1 (1, 4 5 5
Nyq) = 7 (4>\abw b+ §A+w+ — 4 9(log A+)>7 (2.14)
N = \Ty?, (2.15)

1
NP = Aew® — gégAcdde,
5 1
Ny = (AH)7! (25>\ab - iAaba(IOg AT) + Aaedpaw® — 2)\ab)\cdw6d> — WyAep, (2.16)

where the SO(10) Lorentz currents N™" have been decomposed into (Ny (1), NP N N
which transform as (1,24, 10, 10) representations of SU(5). Note that the “improvement”
term %82 (log A1) is necessary in Toure so that Ny, are primary fields with respect to Tpyre-
It is also convenient to define the ghost-current

1 7
J=w AT+ iw“bxab + 50(log A (2.17)



which has no poles with N™" and which satisfies J(y)A%(z) — (y — 2) 71\
Although there is no fundamental b ghost in the pure spinor formalism, one can con-
struct a composite operator G satisfying {Q,G*} = A\*T where

1
T = —iaazmaxm — Pa00% + Thure (2.18)

is the stress tensor with zero central charge.? This composite operator will play an impor-
tant role in this paper and is defined as [[L]]

o 1 m a 1 mn a 1 a 1 2 po
G° = 2H (T')nd) 4N (T} 00) 4Ja¢9 48 0 (2.19)
where N, and J are defined in (R.14) and (2.17).

2.2 Non-minimal fields and similarity transformation

The first step to constructing a conventional-looking BRST operator from Q = [ dzA\%d,
is to add the term [ dz7b to the pure spinor BRST operator so that

Q= /dz(Aada +7b) (2.20)

where (8,7) are bosonic and (b,c) are fermionic non-minimal fields with the worldsheet
action [ d?z(ﬁgﬁ + bdc). These non-minimal fields do not contribute to the cohomology
because of the topological term [ dz7b in Q.

The second step is to perform the similarity transformation Q' = e®Qe * where

R= fdz [ - /\%G+ + cacﬁ] (2.21)

and G is the component of G* in (B:19) with 3 U(1) charge. Using {Q,G*} = AT, it is
easy to verify that after performing the similarity transformation,

Q =efiQe 1t = / dz [cf - %G* + A%y + b + bc@c} (2.22)
where 1
T = —§8xmaxm - paaea + Tpure + ﬁaa + a(ﬂ?) (223)

is a stress tensor with central charge ¢ = 26.
Although @’ is not invariant under Lorentz transformations generated by My, which
transform At and G into Ay and G, one can use the relation [f

Aeghl = [/dz \d., H“ﬁ] (2.24)

3Tt is interesting to point out that in a curved target-space background, G will in general not be
holomorphic. Nevertheless, one can argue that 0G® is BRST-trivial, which appears to be sufficient for
computing scattering amplitudes where G* plays the role of the b ghost.



where

1
HP = @r;ln%p(drmnpd + 24N™"IP) (2.25)
to show that _
[Q’, Mab—i—/dz<)\1)2H;)] -0 (2.26)

where H;% is the component of H*? with @ = + and # = ab. Furthermore, one can
verify that the Lorentz algebra generated by M., = Mg, + fdz#h@7 with the other
Lorentz generators closes up to a BRST-trivial operator. So under Lorentz transformations
generated by M, = [MU(I),Mab,Ml?,Mab + fdz%Hab], Q'-closed states transform
covariantly up to a BRST-trivial transformation. Note that one could have defined the
Lorentz generators as M/, = ef!M,,,e~ ¥ where R is defined in (P.21]), but such a definition
would not preserve the property that all poles when A™ — 0 have residues which are
proportional to 7. As will be discussed later, this property is useful since terms proportional
to 7 will decouple from scattering amplitudes.
Finally, it will be convenient to define

~ Y
T+ = _F7 (227)

so that
Q = /dz[cT + 541G+ X%y — ATALb + bedc]. (2.28)

If (4, AT, A\gp) are interpreted as 12 independent bosonic ghosts, Q" resembles a stan-
dard BRST operator constructed from 12 fermionic constraints and the Virasoro constraint.
Since (74, 7) are not Lorentz scalars, they will appear in the Lorentz generators. In

terms of (Y1, 41), (wy,AT) and (w™, \gp), the SO(10) Lorentz currents of (2.14) are

NU(l) = —\/B <4)\ab’w + 5)\ Wy — 5’}0,.,8 ), (229)
1
N = At NP =\, — 553Acdwcd, (2.30)

Ngp = (AF)7! <23)\ab+>\ab7+§+—4)\ab3(10g M) + AgeApaw™— ;)\ab)\cdw(xl> — W4 Agp-
(2.31)
The contribution of these bosonic ghosts to the stress tensor is
Tywe = wp DN + 0 Ohgy + 507, +0(F), (2.32)
which can be verified to have no triple poles with N™". And the ghost current of (R.17) is
T = w X Ju0Ny — 5, + 40(log AY) (2.33)

Remarkably, after including the (b, ¢) and (B+ﬁ+) non-minimal fields, Tvpure no longer
requires improvement terms involving 8%(log A*). This may resolve some of the puzzles
discussed in [[[J] which are related to possible anomalies in the formalism. Furthermore,
as will be shown in the following section, the introduction of these non-minimal fields
appears to be necessary for the construction of GSO(—) vertex operators in the pure
spinor formalism.



3. GSO(—) states in the pure spinor formalism

In this section, it will be shown how to construct vertex operators for GSO(—) states
and, after defining picture-changing operators, it will be shown how to compute scattering
amplitudes involving these states.

3.1 GSO(+) vertex operators

Before constructing GSO(—) vertex operators, it will be useful to explain how to construct
GSO(+) vertex operators using the new BRST operator Q' of (B.2§). For GSO(+) states,
one method to construct vertex operators V' which are BRST-invariant with respect to Q'
is to simply define V' = efiVe F where R is defined in (R2]) and V is the original pure
spinor vertex operator which is BRST-invariant with respect to @ = f dzA%d,.

However, a more useful definition is

V= cU+V+7.(GIU) + %T(GLGJU) (3.1)
where V and [ dzU are the original pure spinor unintegrated and integrated vertex oper-
ators satisfying QV = 0 and QU = 9V, G,! signifes the pole of order (n + 2) with G,
and V has been gauge-fixed to satisfy G;fV = 0 for n > 0. For example, for the massless
super-Yang-Mills vertex operator V and U of (.6), the gauge-fixing condition G(J{V =0
implies that 9,,,(y"D)" A, = 0, which implies that 0™d,, A, = 0™ A, = 0.

Note that V' of (B.1) is related to e®Ve~f by the BRST-trivial transformation

_ c
V' =efve R - Q'(FGJU) (3.2)

where the relation
QGS“U = —GS“QU +ATTHU = —GS“@V + \TU = —G(G(J{V) + thv +\TU (3.3)

has been used. Although both (B.I) and ef'Ve R have poles when AT — 0, the vertex
operator of (B.J]) has the advantage that the residues of these poles are proportional to
4. Since the vertex operators are independent of E*, any term proportional to 74 will
generically decouple from scattering amplitudes.

3.2 GSO(—) vertex operators

For GSO(—) states, it does not appear to be possible to construct vertex operators in
the original pure spinor formalism without the non-minimal (31,7, ) fields M3 [4). The
reason is that, just as Ramond vertex operators in the RNS formalism depend non-trivially
on the (3, ) ghosts, the GSO(—) vertex operators in the pure spinor formalism will depend
non-trivially on the (31,74 ) ghosts.

For example, the tachyon vertex operator in the pure spinor formalism will be

10 16
V' = cexp {— ;<3$+ of+ Y dab —iZaa)]e““mz’” (3.4)
a=1

[ab]=1



where the (3%,74), (we, AT) and (w™, \y) bosonic ghosts have been fermionized as

5" = e P0Et, o = 174e?, (3.5)
wy = e 0¢,, A =nted, (3.6)
wab = 67¢aba£ab7 )\ab = Uabed)“ba

and the (6%, p,) fields have been bosonized as

—ic®

« 10
Pa = € ’ 0

=e
Since €™ carries conformal weight %(—n2 — 3n), e"" and o™ carry conformal weight
$(—n?—n), and "> carries conformal weight 3(n? —n), one finds that V' of (B:4) carries
zero conformal weight when e?*7*™ has % conformal weight as expected for the tachyon.
Furthermore, it is not difficult to show that Q'V’ = 0.

Although only U(5) invariance is manifest, one can easily verify that (B.4) is a scalar
under Lorentz transformations generated by (2.29). It is interesting to note that bosonized
Ramond vertex operators in the RNS formalism also manifestly preserve only a U(5) sub-
group of the Lorentz group.

Other GSO(—) vertex operators can be constructed by taking OPE’s of the
tachyon vertex operator of (B.4) with the GSO(+) vertex operators of (B.1). Just as
(¥™, 8,v) have square-root cuts with Ramond vertex operators in the RNS formalism,
(0%, oy AV, Wa, 5*’, ~+) have square-root cutes with GSO(—) vertex operators in the pure
spinor formalism. To be convinced that this construction of GSO(—) vertex operators is
correct, it will now be shown how to compute tree amplitudes using these GSO(—) vertex

operators.

3.3 Picture-changing operators

Because of the screening charges related to the conformal weights of the worldsheet fields,
the natural measure factor for tree amplitudes is

<caca2c (6)'6 exp [— 36— ¢t — i ¢ab}> =1. (3.8)

ab=1

If one defines picture such that ¢ and e? carry picture 4+1 and 7 carries picture —1,
the measure factor of (B.§) carries picture (-3, —1,—1) with respect to the (4, A", Aap)
ghosts, the GSO(+) vertex operators of (B.1]) carry picture (0,0, 0), and the GSO(—) vertex
operators of (B-4) carry picture (—3,—3,—1).

To relate the measure factor of (B.§) to the usual pure spinor measure factor

(Y™ 0) (A" 0) (MyP0) (0ymnpb))) = 1 (3.9)

which carries zero picture, one needs to introduce BRST-invariant picture-raising oper-
ators. As in the RNS formalism, the picture-raising operators are naturally defined by



anticommuting the BRST operator with the £ variable as
Zy ={Q &} =€ (dy —F4b) + cOEy, (3.10)
ab _ [ gty = "’ (dab _ ;()\Jr)leabcde)\cdde) + e,
T = [Q €T} = 2(GT — \Th) + cOET. (3.11)

By inserting products of these picture-raising operators, one finds that the measure
factors of (B.§) and (B.9) can be related as

Z cdcdc (6)'° e 300" Tan " = (0y9)(My"8) (A1) (BYrmnp) + - . (3.12)
where
Z=(z"y3z ][z (3.13)
ab

= bAbO?D €15 (AY™) 0, (MY )y AV )y (Yimmp)aacrs Qg - - - gy €070 T2an @

and ... involves terms with fewer than three A\’s (and more ¢’s) and can be determined
from the requirement of BRST invariance with respect to Q.

3.4 Scattering amplitudes

For tree amplitudes which involve only the GSO(+) vertex operators V' defined in (B.1]),
the N-point tree amplitude prescription is

N
A= dz ((Ur(2r)
1/

where [ dz.b(z,) is the usual b ghost insertion coming from the Faddeev-Popov gauge-

3

N N
= H/d2r<<b(zr)HVs’(ys)>> (3.14)
r=4 s=1

s=1

fixing of the worldsheet action. Since there are no B*’s in this correlation function, the
only terms in V” of (B.1)) which contribute are V' = ¢cU+V and it is easy to verify that (B.14)
reproduces the original prescription of (B.§). It is interesting that, except for the different
measure factor, the prescription of ) looks very similar to the Lee-Siegel prescription
of [1§] and it would be nice to find a proof that the two prescriptions are equivalent.

But for tree amplitudes involving GSO(—) vertex operators, one needs to insert ad-
ditional picture-changing operators to absorb the (—%, —%, —%) picture of the GSO(—)
vertex operators of (B.4). This procedure is precisely analogous to RNS amplitudes in-
volving Ramond states where the number of picture changing operators depends on the
number of Ramond vertex operators in the —= plcture

For example, for tree amplitudes involvmg N GSO(+) states V] and 2M GSO(-)
states V', the tree amplitude prescription is

N+2M N 2M
A= H /dzr (z)ZM (W) [T Vs [T V') (3.15)
s=1 t=1
N#QAJ N

2M
= H /dzr 2r) ZM1 H s+HV/t—>
t=1

~10 -



where the location of the picture-raising operators is arbitrary. So for tree amplitudes
involving two GSO(—) states and an arbitrary number of GSO(+) states, one can use the
natural measure factor of (B.§) without any picture-changing insertions.

For genus g amplitudes, the natural measure factor based on the screening charges is

(#5070 ex | (s~ 133+ 07 + > o)) =1 (3.16)

So one expects naively that the multiloop amplitude prescription for N GSO(+) states
and 2M GSO(—) states is

39—3 N+2M

N 2M
A= 1:[1 / dr; H1 / dzr<<b<zr)b<uj)ZM+g(u>r[lv’5+1‘[1vft_>> (3.17)

where b(p;) is the b ghost associated with the ;¢ Teichmuller parameter 7;. When M = 0,
this prescription appears to be closely related to the multiloop prescription given in [[ld] for
the pure spinor formalism. However, a proof of equivalence of these multiloop prescriptions
will not be attempted here.

4. Equivalence to Green-Schwarz formalism

In this section, the BRST operator Q' of (.2§) will be obtained by gauge-fixing the Green-
Schwarz superstring. But before discussing the superstring, it will be useful to first discuss
the Brink-Schwarz superparticle.

4.1 Brink-Schwarz superparticle

The N = 1 d = 10 Brink-Schwarz superparticle action, S = %fdr e II™I1,,, can be
written in first-order form as [[[7,

1
S = /dT (Pmafzr:m + Pa0-0% — ierPm + fo‘da> (4.1)

where II"™ = 0,2™ + %91“”879, do = Pa — %Pm(FmG)a, and f“ is a fermionic Lagrange
multiplier.

As is well-known, d, = 0 contains 8 first-class constraints and 8 second-class con-
straints, and the first-class constraints are generated by 8 of the 16 components of the
k-symmetry generators P, (I'™d)®. One can choose G4 = L(I''I"™d)4P,, to describe
these 8 first-class constraints where A =1 to 8 is an SO(8) chiral spinor index, A =1 to 8
is an SO(8) antichiral spinor index, J = 1 to 8 is an SO(8) vector index, and I'* = 'Y £ T?.
Note that {G4,GP} = —164Bptpmp,,.

Assuming that Pt is nonzero, one can use G4 to gauge-fix (I'" )4 = 0 and can use
the P? = 0 constraint to gauge-fix e = 0. In this gauge, the BRST operator is

1 1
Q= —§chPm +yaG* — §P+’7A’7Ab (4.2)
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with the action

5 — / A7 [P0 a™ + padr8® + bdrc + BA0 4 + fAd )

where (34,7v4) are bosonic ghosts coming from the gauge-fixing of f4=0, and fAd i=
f*('~T'*"d), describe the remaining second-class constraints.
To complete the BRST quantization, one needs to express the 8 second-class constraints
d;j = 0 in terms of 4 first-class constraints. This is done by first splitting the eight
components of v as
YA =637+ + (PT) A (4.3)
where A4 is a null SO(8) spinor satisfying AyAs = 0. More explicitly, one decomposes the
SO(8) spinor 74 into U(4) components as y4 — (V+,Vjk, Y—) Where j = 1 to 4, and defines

A=A = Py, ANk = Pk, (4.4)
1o im

Ay = —g(ﬁ) LeTMmN ik N (4.5)

T+ =7+ — (PT) 7y (4.6)

In terms of 74 and A4, the BRST operator and action of ([.J) are
1 ~ ~
Q=—5cP" P+ .Gt + (PTG =701 (4.7)

and
5= / A7 [ Prdrt™ + padn6® + bdre + 507, +wad A+ fAd). (4.8)

One then defines the first-class constraints as
H? = 17d = Mo jd* (4.9)

where O'i i are the SO(8) Pauli matrices. Note that MM = 0 implies that only 4 of
the 8 components of H” are independent. And since the components of H” anticommute
with each other and with the BRST operator of (f.7), they can be used to replace the 8
second-class constraints d ; = 0.

So one can replace ([.§) with the action
S— / A [Pndsa™ + padr0® + bdrc + BH07s + wad N + hyH) (4.10)

where only four components of the Lagrange multipliers A’ are nonzero (e.g. choose h® =
hS = h” = h® = 0). Note that the action of ({.§) is recovered if one uses the first-class
constraints of (f.9) to gauge d; = 0, which produces no new propagating ghosts.* However,
one can also use (f.9) to gauge A’ = 0, in which case the resulting BRST operator and
action are

1 _ _ -
Q —ichPm +3,GT + (P TIMNAGA —F N b+ H (4.11)
S

_ / Ar[Prndra™ + padrf® + b0rc+ B 0.7, +wad M + B,0.47]  (4.12)

41 thank Yuri Aisaka for discussions on this point.
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where v are bosonic ghosts with only four nonzero components. Finally, since GA =
P+dA+PJU§AdA, the BRST operator of ({.11]) is equal to the superparticle BRST operator
in the pure spinor formalism,

1 ~ -
Q= —ichPm +7LGT 4+ X%y — AT (4.13)
where \%d,, = \Md4 + )\AdA and A ; is defined as
A= (s + Pr)od i\ (4.14)

which has four independent components. Note that MM = \ANA = )\Aaj A)\A =0, so \*
is a pure spinor with 11 independent components.

4.2 Green-Schwarz superstring

To extend these results from the Brink-Schwarz superparticle to the Green-Schwarz super-
string, first write the Green-Schwarz action in first-order form as [[I9, [[(]

1. _ .
S = /d2z [28xm8$m + pa 00 + p500* (4.15)

+ % + facia — e(é@xmﬁxm —I—paﬁﬁa) - E(;(%Um@mm —i—ﬁa@é\a)} (4.16)

where
1 1
do = P50 (Tm)a— 5 (O7"00) (D6, (4.17)
dg = ﬁa—%gwm(Fmg)a—%(5Fm5§)(rm5)a,

f¢ and f& are fermionic Lagrange multipliers, ¢ and € are the off-diagonal components of
the worldsheet metric, and (o, @) are spinor indices of the opposite/same chirality for the
Type ITA/IIB superstring. In the following discussion, only the unhatted variables will be
gauge-fixed, however, one can gauge-fix the hatted variables in an identical manner.

As in the superparticle, d, contains 8 first-class and 8 second-class constraints. The
first-class constraints are generated by 8 of the 16 components of IL,,(I'"™d)* where II" =
ox™ + %Hfm(?@ is the supersymmetric momentum. Choosing

~ 1
G4 = S (T T d) L, (4.18)
to describe the 8 independent first-class constraints, one follows the same steps as in the
superparticle and gauge-fixes (I f)4 = e = 0.
As shown in [[[0], G satisfies the Poisson brackets

{GA(01),GP(02)} = 6(01 — 02) [aW‘éB) + 648 99° G°

1 1
+o4B1TT < — Iy, — daaea> + §6ABd 0d A] . (419)
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So the BRST operator and action after gauge-fixing are
1 1 ~
1
— (7400 (1857) — 5 (ar") (800" )] :
2 |15 mn [pa 4 19 7., A A
S = [d=z 58:13 0T + pa00® 4 bOc + BAOY" + f7d |, (4.21)

where the last term in ([l.19) can be ignored since it is quadratic in the second-class con-
straints.

As in the superparticle, the 8 second-class constraints d ; = 0 can be converted into
4 first-class constraints by writing y4 = 6Xﬁ+ + (ITH)~' A4 where AaAs = 0, and defining
the first-class constraints as .

H =07 d? (4.22)

which has only four independent components.

It is not difficult to verify that H” anticommutes with HX and satisfies

{Q,H'Y = d(cH”) + 7, HE(TET790) " 4+ (1IT) L (2004 H (4.23)

so H” describe first-class constraints which can replace the 8 second-class constraints d A
After gauge-fixing the Lagrange multiplier h7 = 0 as in the superparticle, the BRST

operator of (f.2])) becomes
1 ~y o ~y
Q = /dz {c( = iﬂmﬂm — do D% + waN + 8,0\ + BT + (617 ) — bac)
—F AT+ 7, G+ A GA + s H + . (4.24)

where ... involves ghost-ghost-antighost terms multiplied by components of 96%. Finally,
after defining A\ ; = (vs + HJ)O';]l A)\A as in the superparticle, one obtains the pure spinor
BRST operator of (.29

Q= /dz(cf +7LGT 4+ A%y — L ATh + bede) (4.25)

where T = —%&L‘m@xm — Da00® +Tpure, and G+ = G+ — %Nmn(lﬂmnﬁﬁﬁ — %J89+ — %829+
is defined as in (2.19). Although Gt — G* can be determined by computing the ghost-
ghost-antighost terms in ([.24), G — G can also be indirectly determined by requiring
the nilpotence of Q.

5. Mapping RNS into the pure spinor formalism

In this section, the RNS BRST operator will be mapped into the pure spinor BRST operator
by a field redefinition which maps the RNS variables into Green-Schwarz-Siegel variables.
For states in the Neveu-Schwarz GSO(+) sector, the RNS and pure spinor vertex operators
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in the zero picture will then be mapped into each other. However, since Ramond states in
the RNS formalism and GSO(—) states in the pure spinor formalism do not have vertex
operators in the zero picture, there is no obvious way to map their vertex operators into
each other.

5.1 Twisting the RNS fields

The first step in performing the map from the RNS BRST operator to the pure spinor
BRST operator is to twist the ten spin-half RNS fermions vy, into five spin-zero fermions

Y and five spin-one fermions @m as [H]

()\le“”) (Al“"l“m)

where 7 is the RNS bosonic ghost of —5 conformal weight, (AI"T™)T is the compo-
nent of (AI""I"™)* with 2 U(1) charge, and A% is a pure spinor which parameterizes the
SO(10)/ U(5) different choices for twisting. Note that only 5 independent components of

U and ¥, contribute to (-1), and (B-1) can be inverted to imply that

DALY = yipy ALT) . 9§ (ADPT™)F = iwn(Ar”rmﬁ. (5.2)

Since the spin % bosonic antighost § has non-trivial OPE’s with sz and 1),,, it is
convenient to define new fields 8 = d¢e~? and 7 = 7je? where

= e 30N, £ =e2(\T)ITT, (5.3)
eb = 7787]65¢()\+)71§+, e = f@&efg‘ﬁ)\aEa, (5.4)

and ¥, and £ are anti-Weyl and Weyl spin fields of % conformal weight which are con-
structed in the usual manner from the ¢™ variables. The definitions of (6.9) are uniquely
determined by the requirements that [n,f, e¢ e ¢’] have the same OPE’s as [17,€ e, e7?]
with each other, that [n,f,e¢ e ¢’] have no poles with @/)m and wm, and that 77 has +1
conformal weight. Note that B

7y = 7e? = none*® =+ (5.5)
carries spin —1 and 3 carries spin 2. So the twisting of (b-1)) and (p.3) shifts the central
charge contribution of the (3,7) ghosts from 11 to 26, which cancels the shift from 5 to
—10 in the central charge contribution of the twisted {/;’s.

If A* is treated as a worldsheet field, one needs to introduce a fermionic superpartner
for A* and add a topological term to the RNS BRST operator so that these new fields do
not contribute to the cohomology. The fermionic superpartner to A* will be called e for
reasons that will become clear, and will be defined to transform under BRST as

Q% = )\*, Q)\*=0. (5.6)

Furthermore, because of the pure spinor constraint A\I'"A = 0, 0 will be required to
satisfy the fermionic constraint
0T\ = 0. (5.7)
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It is easy to verify that the constraint of (.7) eliminates five components of 6°, so
that 6% and A® each have eleven independent components.

To generate the BRST transformation of (F.6), one should add [ dzA*p, to the RNS
BRST operator so that

Q= /dz[cTRNS — YOL ™y 4 bede + 42 + NPy (5.8)

where w,, is the conjugate momenta to A* and p,, is the conjugate momenta to 6. Because
of the constraints AI'"*A = AI'™0 = 0, w,, and p, are defined up to the gauge transforma-
tions

0we = P (TN + Q" (Tnb)a; 000 = QT a, (5.9)
where p™ and Q" are arbitrary gauge parameters. So five of the sixteen parameters of
each of these conjugate momenta can be gauged away.

To construct super-Poincaré covariant Green-Schwarz-Siegel variables out of the RNS
variables, one can now combine the eleven components of 6 and p, with the five spin-zero

and spin-one components of zzm and 1),, to define the unconstrained sixteen-component

spinors
6% = 6° + o), e — Pa + &, (T) (5.10)
= mToNF Pa = Pa m a: :
Note that (5.10) implies that )™ can be expressed in terms of p,, and 0 as
Imp)* 1
m= — (A0 5.11
u" =7+ 2 Orm), (511)

and the OPE ™ (y)y"(2) — (y — 2)~ ™" implies that pa(3)0°(2) — (y — z)*ldg.
When expressed in terms of p, and <,
(Fmp)+
22t

And A\I'™X = 0 implies that \®p, = A\°p,. So the BRST operator of (f.§) can be
written as

~Ox ", = (N[, 0)02™ + 7

dz™. (5.12)

Q= /dz |:CTRNS + bedc + A (pa — (I™0) 0 0x1,) + Av’(b - (FQn;}jL)Jr@a:m)] (5.13)

where

(T™p)*

sy 0T wA) + 507+ 0(37). (5.14)

Thns = —%axmaxm + (7)1 00N (0T, 00) —

Finally, to put (5.14) into the standard form for a stress tensor and to covariantize
(I'™p)* into (I"d)*, one performs the similarity transformation @ — eVeQe™e~V where
(up to possible errors in the coefficients)

mn 1
(T™30)F (Wl A) — 480+(w)\)>],

S = / dz c[(ﬁ)l(Arme)(ermae) + () ( — é

U= / dz (16AT) YTy A) 0, (T77P0). (5.15)
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After performing this similarity transformation,

Q= /dz [cf + bede + A\%d,, + §<b - (j:ﬂ =¢ft [/dz (A%, + ﬁb)] e (5.16)

where f, GT, d, and R are defined as in section 2. So the RNS BRST operator has been
mapped into the pure spinor BRST operator of (2.29).

5.2 Neveu-Schwarz GSO(+) vertex operators

In this subsection, the Neveu-Schwarz GSO(+) vertex operators in the zero picture in the
RNS formalism will be mapped into the corresponding pure spinor vertex operators. How-
ever, since Ramond vertex operators in the RNS formalism and GSO(—) vertex operators
in the pure spinor formalism cannot be written in the zero picture, there is no obvious way
to relate the vertex operators for these states in the two formalisms. Note that the map
of (@) acts in a simple manner on operators in the zero picture, i.e. operators which can
be expressed directly in terms of v and 7. However, the map acts in a complicated manner
on operators in nonzero picture which contain explicit ¢ or 5 dependence.
In the zero picture, unintegrated Neveu-Schwarz vertex operators in the RNS formalism
have the form
VRns = YW + CG7%W (5.17)

where W is an N = 1 superconformal primary of weight % constructed from (z™,™)
and G_ %W is the single pole of ¥,,0x™ with W. After performing the field redefinition
of (B.11)), Vkns is expressed in terms of the variables [z, (A\y™0), (A1)~ (v™p)*,7,c].
And if the state is GSO(+), this operator contains integer powers of 7.

To map VrNns to a pure spinor vertex operator, one needs to perform the similar-
ity transformation V = e eVeSVinge “e Vet where R, S and U are defined in (.21
and (p.17). Since

e FeleS (QRNS + /dz )\O‘pa> e Se Vel = /dz(/\ada +70b), (5.18)

V is in the pure spinor cohomology. But before claiming that V is a pure spinor vertex
operator, one needs to ensure it is independent of inverse powers of AT and 7. One can show
that any dependence on such inverse powers can be removed by adding a suitable BRST-
trivial operator, however, the form of this BRST-trivial operator may be complicated to
construct.

A more direct way to map the Neveu-Schwarz G'SO(+) vertex operator of (f.17) into
the corresponding pure spinor vertex operator is to write the NV = 1 superconformal primary

W of (b.17) in the form
W = ™ fon (2", M) (5.19)

where M), = 1,1, is the contribution of ¢)™ to the RNS Lorentz current, and fy,,(«", M) is
a function of 2™ and M), and their worldsheet derivatives. Since GSO(+) superconformal
primaries have an odd number of v fields, it is always possible to write W in the form

of (5.19) for some choice of f,,,(z™, Myy).

17 -



The corresponding pure spinor vertex operator will then be defined as

V= (M\"0) fr(, M) + > Vonp1 (5.20)
n=1
where 1
Mpg = Npg + §(Pqu9) (5.21)

and the terms in Vo, 11 contain (2n + 1) more §’s than p’s. Note that (R.1() implies that
M, of (b.21]) has the same OPE’s as M,, = 1,1,. To determine the terms in Va,,41, use
{[dz A*dy, V} =0 and {[ dz X\*pa, (My"0) frm(x, M)} = 0 to imply that

1
{/dz A D, VQnH} = {Q/dz A02™(T1n0)as Vgn_l} +

{; / dz X* (O™ 00) (Tn6) VQH} (5.22)

where Vi = (My™0) fn(x, M) and V,,, = 0 for m < 0.

Finding solutions to (5.29) for V4,41 would always be possible if f dz A\*pe had trivial
cohomology at +2 ghost number. Although in fact there are non-trivial elements at +2
ghost number in the cohomology of [ dz A%p, (e.g. the state (AL"0)(AT"0) (0L 1mnpb)), it
seems reasonable to conjecture that when W = ™ f,,,(x, M) is an N = 1 superconformal
primary, these non-trivial elements are not an obstacle to finding solutions for V5,41 which
satisfy (5.23). So assuming this conjecture concerning [ dz A\*p, cohomology at +2 ghost
number, there is a simple map from unintegrated Neveu-Schwarz GSO(+) vertex operators
in the RNS formalism to unintegrated vertex operators in the pure spinor formalism.

One can similarly map integrated Neveu-Schwarz GSO(+) vertex operators at zero
picture in the RNS formalism into the corresponding pure spinor vertex operators. If

/ dz Unns = / dz f(z, M) (5.23)

is the integrated vertex operator in the RNS formalism where M,,,, = ¥y, then

/ dz U = / d- [ o, M) + g:l Ugn] (5.24)

is the integrated vertex operator in the pure spinor formalism where M,,, = Np, +
%(pfmnﬂ) and Uy, contains 2n more #’s than p’s. In this case, finding solutions to Us, is
related to the cohomology of [ dz A*p, at +1 ghost number. When [dz Ugns is N =1
superconformally invariant, one expects that non-trivial elements in this cohomology do
not provide obstacles to solving for Us,,.

The maps of (p.20) and (p.24) can easily be verified for the massless gluon vertex
operator where W = ¢"a,,(x) and Ugrng = 0x™ap(z) + M 0pan(2z). And since any
massive Neveu-Schwarz GSO(+) vertex operator can be obtained from the OPE’s of gluon
vertex operators, this map is indirectly verified also for massive states. Furthermore, since
there are no terms in these vertex operators with more p’s than #’s, most of the terms
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Von+1 and Uy, in the pure spinor vertex operators will not contribute. So using arguments
similar to [R(] one can verify that tree amplitudes involving Neveu-Schwarz GSO(+) states
coincide in the two formalisms. However, since loop amplitudes involve intermediate states
in the Ramond GSO(+) sector, it is not surprising that it is difficult to prove equivalence
of the RNS and pure spinor amplitude prescriptions for loop amplitudes.

6. Inverse map for N = 0 — N = 1 embedding

After twisting the ten RNS spin-half fields into five spin-zero and five spin-one fields, the
RNS superstring was mapped in the previous section into the pure spinor formalism. Since
the pure spinor formalism can be interpreted as an N = 2 topological string [fJ], which is a
natural generalization of bosonic strings, the map takes a critical N = 1 string into a type
of N = 0 string.

As shown with Vafa [, any critical N = 0 string can be embedded into a critical
the N = 1 superconformal generator as G = b+ jgrsT. In this section, it will be shown that

N =1 string by twisting the (b, c) ghosts from spin (2,—1) to spin (3,—3) and defining
if one starts with the N = 1 string corresponding to this V =0 — N = 1 embedding of
the bosonic string and performs the map of the previous section, one recovers the original
N = 0 bosonic string.

So the map of the previous section from the RNS to the pure spinor formalism can be
interpreted as an inverse map for the N = 0 — N = 1 embedding of [f]. This interpretation
suggests there may be generalizations of the pure spinor formalism which would arise by
applying the inverse map to other types of critical N = 1 superconformal field theories.

6.1 Review of N =0 — N =1 embedding

In this subsection, the map of [[] from a critical N = 0 string to a critical N = 1 string
will be reviewed. Suppose one starts with a ¢ = 26 matter system with stress tensor T,.
Then the standard quantization as a critical N = 0 string is to introduce (b, ¢) ghosts of
conformal weight (2, —1) and define physical states using the N = 0 BRST operator

QnN=0 = /dz[ch + bedc]. (6.1)

However, the same matter system can also be quantized as a critical N = 1 string by

adding a set of (b1, c1) matter fields of conformal weight (3, —3) so the combined system

has central charge 15. One then defines a set of critical N = 1 superconformal generators

as
1 1,
Thn=1 = Ty, — b10c1 — 58(()101) + 58 (61861), (6.2)
)
Gn=1 = Cl(Tm + 8clb1) + 58261 + by. (6.3)

Note that Gy—1 = jBrsT + b1 where, up to a total derivative, jgrst is the BRST current
of (B.1) with (b, ¢) replaced by (b1, c1).
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One can now perform the standard N = 1 quantization by introducing fermionic (b, ¢)
ghosts of conformal weight (2, —1) and bosonic (3,7) ghosts of conformal weight (3, —3),

and defining physical states using the N =1 BRST operator

Qn=1= /dz |:CTN1 +vGn=1 — 7?b + bede + c(ﬁ@’y + ;8@7)” . (6.4)

Equivalence of the cohomologies of Qx—g of (b.1) and Qnx—1 of (p.4) was proven in
B1] by writing
Qn=1 =€V [/dz(ch + bede + ’ybl)] eV (6.5)

where

1 3 1 1
U= /dzcl (2717 — §acﬁ —cof + iﬁclcb — 4ﬁ7801>.

The topological term vb; in (6.§) implies that the N = 1 cohomology is independent of
(8,7) and (b1,c1), so the Qn=1 cohomology coincides with the Qn—¢ cohomology. Fur-
thermore, it was shown in [ﬁ] that the N = 1 amplitude prescription coincides with the
N = 0 amplitude prescription where the functional integral over the bosonic (f3,+) fields
cancels the functional integral over the fermionic (b1, c1) fields.

6.2 Inverse map for bosonic string

In this subsection, it will be shown that if one starts with the N = 1 string coming from
the N =0 — N =1 embedding of the bosonic string and performs similar steps as in the
map from the RNS to the pure spinor formalism, one ends up with the original N = 0
description of the bosonic string.

The first step is to twist the (b, c;) matter fields from spin (2, —3) to (2,—1) by
defining [f]

1 ~
bl = ;bl, c1 = 7yC1 (6.6)

as in the twisting of the "™ matter fields in the RNS formalism. Since 8 has non-trivial
OPE’s with b; and ¢1, it is convenient to define new fields = 0¢e~% and ¥ = ne® where

7 =ne2¢ie), € = ger(-otio), (6.7)
e = ez (36+io), e% = ge3(—30—i0),

and ¢; = € and by :~e_i"~. The definitions of (.7) are uniquely determined by the
requirements that [7, {, e?,e~?] have the same OPE’s as [, £, e?, e~?] with each other, that
7, £, e?, e~?] have no poles with ¢; = ne?* and by = £e79719  and that 7] has +1 conformal
weight. One can easily verify from (f.7) that

5 = none*® = ~* (6.8)

carries spin —1 and 3 carries spin 2. So the twisting of (6.6) and (6.7) has shifted the spins
of both (b1,c1) and (3,7) from (3,—1) to (2,—1), and their contributions to the central
charge continue to cancel each other.
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When written in terms of (by, 1) and (3,7), Qn—1 of (5-4) becomes
QNn=1 = /dz I:CT + El(Tm + 85151) + ;?(b — 51) — %582 <C:;> -+ bcac] (6.9)

where | oE
T =T, + 562(%) — 0,08, — d(&1) + O + A(5). (6.10)

To put T into the standard form for a stress tensor, one can perform the similarity

transformation Q — e°Qe~° where S = —%(?)_1518251 which transforms () into

Q= / d=[e(T — 51051 — O(B121) + FOF + D)) + &1 (T — Br0%1) + (b — b1) + bede]
= ef / dz[¢L (T, + 0E1by) + Fble T = eff <Q'N_0 + / dz %) e B (6.11)

where R = [dz (b1 + dcf) and Q'y_o is the N = 0 BRST operator of (.1) with (b,c)
replaced by (by,¢1).

Since b is a topological term, the twisted (ﬁ, ) ghosts will now cancel out the contri-
bution of the (b, ¢) ghosts instead of the (b1, c;) matter fields. The remaining fields include
the ¢ = 26 matter fields and the (by,¢;) matter fields of (2, —1) conformal weight, which
are treated like (b, ¢) ghosts in the standard N = 0 description. So this inverse map takes
the N =1 description of the bosonic string into the NV = 0 description.

7. Comparison with other approaches

In this paper, many mysterious features of the pure spinor formalism were explained by
adding a pair of non-minimal fields and performing a similarity transformation which allows
the pure spinor BRST operator to be expressed in a conventional-looking form. Although
this approach is the first one that has succeeded in describing the GSO(—) sector, there
have been several previous approaches to “explaining” the pure spinor formalism and it
will be useful to compare this paper with the other approaches.

One approach has been to relax the pure spinor constraint on the ghost variable A% and
extend the BRST operator to include additional terms which are required for nilpotence
B3-R4] [RF. Although the conventional-looking BRST operator in this paper also includes
additional terms, the extended BRST operators generically require an infinite number of
additional terms in order to be nilpotent. It might eventually be possible to relate these
extended approaches with the approach of this paper, however, it seems to be much easier
to work with the conventional-looking BRST operator which has a finite number of terms.
Even though the conventional-looking BRST operator is not manifestly Lorentz invariant,
it is easy to show that the resulting scattering amplitudes are Lorentz invariant.

A second approach has been to derive the pure spinor formalism from a semi-light-cone
gauge-fixed version of the Green-Schwarz formalism which has double the usual number of
6 variables [6, R7]. The resulting equivalence proof with the GS formalism is certainly
related to the proof in section 4 of this paper, however, the equivalence proof in this paper
is considerably simpler and does not require the choice of semi-light-cone gauge.
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A third approach has been to interpret the pure spinor formalism as a topological
string [B] and to compute scattering amplitudes by coupling to worldsheet topological
gravity [§. Although this approach is probably not useful for comparing with the RNS
and GS formalisms, it might eventually be useful for constructing generalizations of the
pure spinor formalism, perhaps by looking for other examples of the N =1 — N =0
inverse map of section 6.

Finally, a fourth approach has been to relate the pure spinor formalism with the
N =1 — N = 2 embedding of the RNS string [L1, §]. For compactification of the
superstring on a Calabi-Yau manifold, this N =1 — N = 2 embedding is related by a field
redefinition to the hybrid formalism [Rg]. And in ten dimensions, this N =1 — N = 2
embedding is related by a field redefinition to the GS “twistor string” [B§, B, Bl]. If
this fourth approach were better understood, it might lead to a proof of equivalence of the
RNS and pure spinor multiloop amplitude prescriptions. Furthermore, this approach might
allow compactifications of the pure spinor formalism to be related to the hybrid formalism.
However, there are some unresolved puzzles concerning this approach.

One puzzle is that the pure spinor formalism appears to be described by a topological
N = 2 string which has ¢ = 3, and not by a critical ¢ = 2 N = 2 string which arises
from the N = 1 — N = 2 embedding. Note that naive compactification of the pure
spinor formalism produces a ¢ = 3 N = 2 theory which, unlike the hybrid formalism, only
describes the BPS sector of the compactified superstring [[]. Also, the string field theory
action for the pure spinor formalism resembles a Chern-Simons action, as opposed to the
Wess-Zumino-Witten-like action [BJ] which naturally arises from the N =1 — N = 2
embedding.

Nevertheless, as will be discussed in the following subsection, there is a version of the
N =1 — N = 2 embedding which has many similarities with the fields appearing in the
N =1 — N = 0 embedding and which may eventually be useful for relating the pure
spinor and hybrid formalisms. The possibility of using this version of the embedding to
relate the pure spinor and hybrid formalisms has been independently observed by Osvaldo
Chandia [B3.

71 N=1— N =2 embedding

The hybrid formalism for the superstring is constructed by first embedding the RNS string
into a ¢ = 2 N = 2 string, and then finding a field redefinition which maps the RNS
variables into super-Poincaré covariant Green-Schwarz-Siegel variables [fJ]. The untwisted
¢ =2 N = 2 generators are defined in terms of the RNS fields as

1 _
T'=Tpns — 507, G =jprst, G=0b, J=cb+g (7.1)
where jprgt is the RNS BRST current and (§,7) come from fermionizing the (3,~) ghosts

as 3 = 0e~? and v = ne®. The field redefinition to Green-Schwarz-Siegel variables is then
defined by

5% pa=e 2%, (7.2)
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where X% is the RNS spin field of conformal weight %. This field redefinition can be used
for the subset of ¢ variables which are chosen in the +% picture.
However, one can also consider the field redefinition

00 = 0 =, pa =y = (1)1, (7.3)

where a =1 to 5, 9 = %(qpa +ip®*?), and ¥, = %(wa — §)®*D). This field redefinition
is related to (5.1)) by a fixed choice of A* in which the only nonzero component is A*. In
terms of % and p,, the ¢ =2 N = 2 generators of ([.1]) are

~ ~ 1

T = —0z°0T, — pad0° + Oy + I(57) — bdc — d(be) — 5aJ, (7.4)
1

G = c(T + 28J> + bcoc + Ypa 0x® + 00T, + b, (7.5)

G =, (7.6)

J = cb+ 2037 + 0%pa,

where 2% = %(wa—kim‘l%), To = %(:ca—ia:a%), and 5 = (7)2. As in the hybrid formalism,
all variables in ([7.4) are automatically GSO-projected so there is no need to sum over spin
structures.

Finally, performing the similarity transformation ¢ — e R¢e® on all worldsheet fields
¢ where

R= y{dz (cpadz® + cOcp), (7.8)
one can express the N = 2 generators as [B4]
T = 020, — pud8" + JO5 + 0(5R) — bde — be) — 507 (7.9)
G = 007, + b, (7.10)
G = —p,0z® + Bdc+ 0(Bc) + b, (7.11)
J = 0%q + cb+ 237. (7.12)

Note that the b ghost in G is not necessary for closure of the N = 2 superconformal algebra,
and if one ignores the presence of the b ghost in G, ([.9) are the standard N = 2 generators
for a set of 5 chiral and antichiral scalar superfields, (z%,6%) and (%4, ps), and a set of spin
—1 chiral and spin 2 antichiral superfields, (c,¥) and (8, b).

Since this version of the N = 1 — N = 2 embedding contains similar fields to the
N =1 — N = 0 map to the pure spinor formalism, it may be useful for proving the
equivalence of the hybrid and pure spinor formalisms. Note that unlike the usual hybrid
formalisms defined using ([7.J), the N = 2 generators of ([.9) do not involve chiral bosons.
For example, the N = 2 generators in the d = 4 hybrid formalism [29] involve a chiral
boson p. These chiral bosons have been an obstacle to computing multiloop amplitudes
using the hybrid formalism and it is possible this new version of the N =1 — N = 2
embedding will be useful for computing multiloop amplitudes which can be compared with
the multiloop prescription in the pure spinor formalism.
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Furthermore, one can easily compactify this version of the embedding on a Calabi-
Yau D-fold by replacing 22:1 0%0x, with Z‘Z;? 0°0z, + G¢ and 2221 PaOx® with
Zz;lD P07 + Go where (G¢,Go) are the fermionic N = 2 generators of the Calabi-
Yau D-fold. Finally, the fact that (2%, 60%) and (Z,,ps) appear in the N = 2 generators
of (7.9) in the same manner as they appear in topological strings suggests there may be a
close connection between this version of the N =1 — N = 2 embedding and topological
strings.
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